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Abstract

Since its mathematical formulation, Brownian motion is the most im-
portant stochastic process in probability theory. In the Fourties and Fifties,
pioneers as KAKUTANI and DOOB did some research in the area of stochas-
tical analysis and recognized the importance of Brownian motion for the
Dirichlet problem.

This master thesis intends to give an explanation of the connection of
Brownian motion and the Dirichlet problem in a modern, mathematical and
closed context.

Although the results can be further generalized to Markov processes,
in case of Brownian motion and its useful properties, they stay clear and
understandable which effects the corresponding proofs.

Zusammenfassung

Seit ihrer mathematischen Formulierung ist die Brownsche Bewegung
der wichtigste stochastische Prozess der Wahrscheinlichkeitstheorie. In den
1940er und 1950er Jahren forschten Pioniere wie KAKUTANI und DOOB im
Gebiet der stochastischen Analysis und erkannten die Bedeutung der Brown-
schen Bewegung fiir das Dirichlet-Problem.

Diese Masterarbeit beabsichtigt die Behandlung und Erkldrung des Zu-
sammenhangs der Brownschen Bewegung und des Dirichlet-Problems in ei-
nem modernen, mathematischen und abgeschlossenen Kontext.

Obwohl die Ergebnisse noch weiter auf Markov-Prozesse abstrahiert und
verallgemeinert werden kénnen, bleiben sie im Falle der Brownschen Bewe-
gung und ihrer niitzlichen Eigenschaften iibersichtlich und verstidndlich, was
sich in den zugehorigen Beweisen bemerkbar macht.






Preface

This thesis represents the end of my master studies in Mathematics at the LMU
Munich. The topic was offered by my supervisor PROF. DR. GREGOR SVINDLAND
(LMU Munich, Department of Mathematics) and came out of a little conversation
about possible topics which could fit for a master thesis.

The title of this thesis is Brownian Motion and the Dirichlet Problem which
is a subject in a small but beautiful area of stochastic analysis, the area in which
stochastics and analysis touch. My thesis is divided into two chapters. The first
one is a preparation for the main result(s) in the second chapter. It provides a
modern, mathematical setting and contains important basic definitions and first
results which will be used to prove the two main outcomes, the Markov property
and the strong Markov property of one-dimensional Brownian motion. The second
chapter is the main part of this thesis in which we use the properties of Brownian
motion to establish a connection to the Dirichlet problem. In the beginning, we
prove some basic PDE results to provide a suitable framework good to work with.
Afterwards, we prove the first main result concerning the Dirichlet problem on
bounded domains which has a nice application for the path behavior of (multi-
dimensional) Brownian motion. In the end, we treat the Dirichlet problem on
unbounded domains and additionally find a probabilistic result to a boundary
value problem for the Poisson equation.

Throughout the whole thesis, I worked a lot with Liggett’s book Continuous
Time Markov Processes ([1]). This text gave me the most inspiration, so I used
many results, ideas and examples from it. The PDE results in the first section of
the second chapter were heavily influenced by Evans’ Partial Differential Equations
([2]). In some places, I used [3] and [4], but these are rather exceptional.

All this was fun! I would like to thank Prof. Dr. Gregor Svindland for his
support and answering my questions in several sessions. Furthermore, my whole
master studies would not have been possible without the German National Aca-
demic Foundation which supported me with a scholarship the whole time. I really
appreciate their trust and their help which makes me feel responsible for the future
to give something back.

This thesis is dedicated to all people who believe in me. First of all, I would



like to thank my family for their support during my whole life. But I would not
be the same character as [ am today without my friends. All the times we spent
talking, joking, laughing and crying made me the person I am today.

Thank you!

MARIO TEIXEIRA PARENTE MuNicH, APRIL 2, 2016
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Chapter 1

Preparation:
One-Dimensional Brownian Motion

The first chapter intends to give an introduction, in which we will define a suitable
context, and wants to prepare some important results for the main chapter —
Chapter 2. There will be some results which seem special and not that important
at first sight, but they will play a significant role at some point later. The two main
outcomes of this chapter are the Markov property and the strong Markov property
for one-dimensional Brownian motion. In general, they have a huge amount of
applications; we will need them to deal with harmonicity in the second chapter.

1.1 Basics

1.1.1 Setting

As mentioned, we need a suitable context, in which we are doing our mathematics.
The most important object — Brownian motion — has to be defined clearly, and
afterwards we have to choose a suitable probability space on which the Brownian
motion can live.

DEFINITION 1.1. A stochastic process (By)>o is called a standard Brownian
motion on a probability space (£, F,P), if it satisfies the following properties:

(1) BO =0 P-a.s.
(ii) ¢t — B;(w) is continuous for every w € €.

(iii) If 0 < s < t, then B, — B, ~ N(0,t — s).
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(iv) For 0 < ty < t; < ... < t, the increments (BtiJr1 - B@-). 0. py 2N€
1=0,....,k—

independent.

ISR
LN

¥ W‘W

Figure 1.1: Two sample paths of one-dimensional Brownian motion

Since Brownian motion is defined only by distributional properties, we are free in
our choice of a probability space (§2, F,P) for it. There are many possibilities for
this choice.

We decide to use the so-called canonical model. Here, the sample space €2 is
chosen to be

Co[0,00) :={w: [0,00) = R : w is continuous and w(0) = 0},

which is the set of all R-valued continuous functions on [0, co) starting at 0. This
choice is natural and makes perfect sense, since the paths of Brownian motion
(sometimes also called "Brownian paths') are defined to be continuous and start
in 0. For the corresponding o-algebra F, let us first define the projection function,
which is

(1.1) m: Q>R w—w(t), t>0.

This function simply evaluates a Brownian path at time ¢t > 0. F is defined as the
smallest o-algebra for which the projection m; is measurable for each t > 0. The
probability measure P is chosen in such a way that the stochastic process (B;);>o,
defined as

B:[0,00) x Q = R, (t,w) — w(t)

becomes a standard Brownian motion on (€2, F,P). There is such a probability
measure, called the Wiener measure, which can be constructed in a formal way —
see [3].

In almost every case dealing with Brownian motion, we have to consider an ar-
bitrary starting point x € R, which can be different from 0. For this, we introduce a
whole new family of probability measures (P*),cg on (€2, F). A probability measure
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P* x € R, is defined to be the distribution of the random variable ¢ — By(-) + x,
ie.

(1.2) P*(A) =P ((t— Bi+z)€A), AcF,
where B is a standard Brownian motion. Hence, for z € R, it holds that
By=x P%as.,

which means that Brownian motion is starting from = under the probability mea-
sure P*. It remains to mention that the expectation under P* is denoted by E”.

Before dealing with the (strong) Markov property, we need the notion of a
filtration (F;),-, which, from a mathematical point of view, is an increasing family
of sub-g-algebras of F. F; can be interpreted as the information we have about
the process at time ¢t > 0. In our case, it is natural to define F?, t > 0, as the
smallest o-algebra with respect to which the projection 7, is measurable for each
0 < s < t. Unfortunately, the filtration (F?);>¢ is not right-continuous, but this
property becomes very important later. We can solve this problem by defining

Foo=[F t>0.

s>t

Indeed, we get

N7=N(N7) = N7 -7

s>t s>t r>s r>t
which shows the right-continuity of F; and completes setting up our mathematical
context.

Beside the Markov property, there is another notion that has become very
important for probability theory: The notion of a martingale.

DEFINITION 1.2. Let PP be a probability measure and (G;),, a filtration
on some probability space. A family of integrable adapted random variables
(My),5 is called a martingale, if it holds for 0 <s <t

E [M;|Gs] = My P-as.

The next proposition lists some martingales constructed with Brownian motion.
We will need them later in Chapter 2.

PROPOSITION 1.3. Let x € R and assume that all B’s occurring below are stan-
dard Brownian motions on (2, F,P). Then it holds (each time under P*):
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(a) (B —t)50 is a martingale with respect to (Fy),sq-

(b) If (Bt)tzo and (Et)tzo are independent, then (BtBt)tZO is a martingale with
respect to the (right-continuous) filtration generated by the two processes.

(¢) (B} = 6tB} + 3t*) 5 is a martingale with respect to (Fy) -

REMARK. For the proof, recall that for a Brownian motion (B;);>0 and 0 < s < ¢,
B; — B, is independent of F,.

Proof of Proposition 1.3. (a): For t > 0,

El’

B} —1| SE"B} +1 =2t < o0
=t
shows the integrability. Obviously, it is adapted to (F:),5,. For the martingale
property, let 0 < s <t and compute
E” B} — t| ] =E [(B, — B, + B.)*| ] —t

= E*[(B, - B.)*| F.] + 27 (B, - B,)B.| FJ| + E* [ B?

J-“S} ¢

~

YE* (B, — B,)?| +2B,E" B, — B,] +B? — t
=0

=t—s

=t—s+B2—t=B-s Pas,
where we used the independence of the increments at (x).
(b): Integrability: For t > 0,
E*BB, = E"B,E"B; = 2* < <.

Let (Gi)i>o be the right-continuous filtration generated by (B;)iso and (By)eo.
Adaptedness is obvious. Martingale property: For 0 < s < t, we get

E* [B,B,|G.] =E" (B, - B. + B.)B,|G.]
t Bs)Bt ’ gs] + E* [Bsét ‘ gs]
—_—

=B B,

I
=
8
o

=E"[(B, — B)(B, — B. + B.) | G,| + B.B,
=E" (B, — B)(B, — B,) | G.| + B (B, — B.)B.|G.] + B.B.
=E* [Bt - Bs:| E® [ét - Bsi| +B,E* [ Nt - Bs:| + NsBs

e > R
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where we used the independence of the increments again.

(¢): The process is integrable, since

E*|B! — 6tB? + 3t*| < E* B! +6t E*B? +31> = 12{* < 00
—=3¢2 =t

fort > 0. Adaptedness is again obvious. Using the independence of the increments,
we can show the martingale property by

E"[B} - 6tB} + 37| ]
=E"[(B - Bo+ B.)'| .| — 6tE" [(B, — B, + B.)*| 7. + 3¢
=E" (B, — B)" +4(B; — B,)* + 6(B, — B,)’ B2 + 4(B, — B.)B: + B!
— 6tE” [(B, — B.)* + 2(B, — B.)B, + B?| F.| + 3¢*
=E" (B, — B.)"| +4B.E" (B, — B.)*| +6B2E" [(B, — B.)?| +4B*E* [B, — B.| + B!

7|

N—_——
:3(t—8)2 =0 =t—s =0
- 6t(E‘” (B, — B,)?] +2B,E" [B, — B] +B§) 1 3¢
=0
=t—s -
= 3t* — 6st + 3s° + 6(t — s)B? + B} — 6t* + 65t — 6t B> + 3t°
= B} — 6sB? + 35> P"aus.
for each s,t € R with 0 < s < t. [ |

1.1.2 Hitting times

This subsection introduces the notion of a stopping time, which will help us in many
situations and is a necessary ingredient for stating the strong Markov property.

DEFINITION 1.4. A random variable 7 : Q — [0, 00) is called a stopping time
(with respect to the filtration (F¢),5), if it holds

{r<t}eF foralt>0.

A hitting time is a special type of a stopping time. It will play an important role,
when dealing with bounded domains related to the Dirichlet problem in Chapter 2.
Proposition 1.5 and 1.7 deal with hitting times of open and closed sets.

PROPOSITION 1.5. Let G C R be open and define 7 := inf{t > 0 : B; € G}.
Then T is a stopping time.
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Proof. We need to prove that

{r<t}eF forallt>0.
Note that it suffices to show that

{r<t}eF forallt>0.

Indeed, for ¢ > 0, we see that

{r<t}= ﬂ{7<t+1}€ ﬂ}—H%:]‘—t-

neN n neN
So, let t > 0. We claim that

{r<tt= | {B.€G}.
0<s<t
s€Q

Indeed, if 7(w) < t, there is some 0 < r < t, r € R, such that B, € G. Since G is
open and the sample paths are continuous, we find some r < s < t, s € Q, with
B € G. Thus, w € Uo<s<t {Bs € G}.

seQ
Conversely, let w € {B, € G} for some 0 < s < t, s € Q. Since G is open and
the sample paths are continuous, we get 7(w) < s < t.

For completeness, if t = 0, then
{T <:O} ::® e Fo.
|

LEMMA 1.6. If (Tn)nEN is an increasing or decreasing sequence of stopping times
such that T, == 7, then T is again a stopping time.

Proof. First, let (7,)nen be increasing, i.e. 7,, < 7 for every n € N. Then, it holds

{r<ty=N{m<t}er

eN
" ceF

for all t > 0.
Now, let (7,,)nen be decreasing, i.e. 7, > 7 for every n € N. Then, it holds
{r>t}={m>t}eF

for all ¢ > 0. It follows that {7 <t} = {r > t}c € F, for all t > 0. |
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PROPOSITION 1.7. Let F' C R be closed and define T := inf{t > 0 : B; € F'}.
Then T is a stopping time.

Proof. We approximate F' by a sequence of open neighborhoods from the outside.
For n € N, define

1
Gn::{xGR:|x—y|<forsomeyEF}
n

and let 7, be the hitting time of G,. Note that 7, is a stopping time for every
n € N by Proposition 1.5 and that the sequence (7,,)nen is increasing, since G,
is decreasing. Hence, by Lemma 1.6, ¢ := lim,,_.,, 7, is again a stopping time.
Furthermore, note that o < 7, since 7,, < 7 for each n € N. So, it suffices to show
that B, € F implying 7 < o0, and thus 7 = o. In doing so, we only regard the
event {0 < oo}, since 7 < ¢ is clear on the complementary event. If & < m, then

B, € G, C Gh.
It follows by path continuity,

B, = lim B, € (| Gn=F,

n—oo
neN

where the last equality comes from the closedness of F'. Hence, 7 = ¢ implying
that 7 is a stopping time. [ |

REMARK. (a) A stopping time defined as 7 above in Proposition 1.5 and 1.7 is
called a hitting time of G, or F respectively.

(b) This chapter deals with Brownian motion in one dimension, but the proofs of
Proposition 1.5 and 1.7 also apply well to Brownian motion with values in a metric
space.

1.2 The Markov property

Before taking care of the Markov property itself, we have to introduce some rather
technical instruments and results. The next definition brings random variables of a
specific form and particular sets of F into play. In this section and also in the next
one, we will prove some statements only for these kinds of random variables and
sets. The monotone class theorem — Theorem A.8 — will allow us to generalize
the statements suitably.



18 1 Preparation: One-Dimensional Brownian Motion

DEFINITION 1.8. A random variable X is called special, if it is of the form
(1.3) X(w) =[] fulw(tm)),

m=1
where 0 < t; < ... <t, and fi,..., f, are continuous functions on R tending
to 0 at +o00. Correspondingly, A € F is said to be finite-dimensional, if there
exist points in time 0 < r; < ... < r; and open subsets Ay, ..., A of R such
that
(1.4) A={weQ:w(r) e, . .,w(rg) € Ay}

Note that F is the smallest o-algebra containing all finite-dimensional sets.

The next few lines are dedicated to show that the generalization via the mono-
tone class theorem indeed works. First, note that the appearing w-systems P,
containing finite-dimensional sets, indeed fulfill the properties of a 7w-system (Def-
inition A.6), since the intersection of two finite-dimensional sets is again finite-
dimensional by ordering the corresponding points in time. Additionally, 2 € P is
required by the monotone class theorem, but this case is obvious (choose A; = R).

The sets ‘H in the upcoming proofs will always contain bounded random vari-
ables fulfilling the statement we want to show. The vector space properties and
property (ii) of the monotone class theorem can be easily shown for all appearing
H’s on the next pages. The interesting part for H to prove is property (i):

(1.5) 14, €M for finite-dimensional A € F.

So, take a finite-dimensional A € F. Observe that
La(w) = [] 1a, (W(tm)).
m=1
Furthermore, note that each 14, , m € [n], can be approximated by an increasing
sequence of continuous function (f*).cn tending to 0 at +oo, for example

FE (@) = 1A kdist(z, AS) 222 1, (2),

where dist(z,S) = inf {|z —y| : y € S} is continuous in z for every open set S.
Note that if A,, = R for some m € [n], then dist(z, A%) = inf ) = oo. This yields
to

(1.6) 14(w) = lim ﬁ1 FE(w(tm)).

k—o0
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Hence, if we can prove X € H for a special random variable X | we know that (1.5)
holds by (1.6) and property (ii) of the monotone class theorem.

So, whenever we use the monotone class theorem on the next pages, it suffices
to show the relevant statement for special random variables and finite-dimensional
sets, and to prove that the corresponding H satisfies the properties required.

PROPOSITION 1.9. Let X be a bounded random variable. Then the function
Rz — E*X

1s measurable.

Proof. As mentioned above, the plan is to prove the statement for special X, and
then to extend it to bounded X via the monotone class theorem.
Take x € R and a special random variable X. Write

n

E*X = E* ﬁ fm(@(tm)) =E ] fm(z + B,,).

m=1 m=1

We show that this expression is continuous in x by induction on n, which implies
measurability. For ¢ > 0, write p;(z,-) for the density of the N (x,t)-distribution.
For n =1, we get

A7) EX =Efl+By) = [ fila+ypa(0y)dy = [ fi(pae.2) =

which is continuous in z. For the induction step, recall the statement of Proposi-
tion A.11 and use the independence of Brownian increments to get

n+1

E°X =E H f(z + By,)
m=1
=E []E [ﬁ fm(@ + By,,) - fas1(x + By, ) | By, 1 <i<n
m=1
(1.8) = El ﬁl fm(z+ By,)
Efopi(x+ By, + By, — By,) | B, 1 <i<n

—F [ ﬁ f(®+ By,) - gla + Btn)] ,

m=1

where

g(u) = Efn+1<u + Btn+17tn)7
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which is continuous by (1.7). By the induction hypothesis, the right side of (1.8)
is continuous in x, which completes the induction step.

Finally, to extend the result to bounded random variables, we apply the mono-
tone class theorem. Therefore, let the m-system P contain all finite-dimensional
sets and set

H = {X bounded : R 3 z — E“X is measurable} .

The vector space properties are obvious. Property (ii) of the monotone class
theorem is also obvious by using the bounded convergence theorem. Property (i)
was shown as a special case above. So, H contains all bounded random variables
fulfilling the desired statement, which completes the proof. ]

The final missing piece to state our version of the Markov property is the time-
shift-operator. It shifts the time for a Brownian path from ¢ to t + s for s,t > 0,
and is defined as

O : Q2= Qwre (t—=wt+s)),

implying 0s(w)(t) = w(t + s) = Biys(w). Recall that (B; o 8, — By)i>o is again a
(standard) Brownian motion for s > 0, which is another version of the Markov
property. Our version states, informally said, that if we want to compute the
conditional expectation of a bounded random variable X, time-shifted by s > 0,
while knowing the Brownian path w up to time s, we can also start a new Brownian
motion at Bs(w) and compute the ordinary expectation value using the probability
measure PP+) The formal statement of this is given by the next theorem.

THEOREM 1.10 (Markov Property). Let X be a bounded random variable. Then
for every x € R and s > 0, it holds

(1.9) E*[X 00, | F,| =EP*X P*-a.s.

REMARK. (a) The right side of (1.9) means the composition of the function
y — EYX with By, i.e.

EP [X] () = /Q X () PP (du).

(b) The right side of (1.9) is FP-measurable by Proposition 1.9. Since the left side
is F,-measurable and F? C F,, (1.9) is a stronger statement than

(1.10) E” |X o0,

F=EPX  Pas.
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Proof of Theorem 1.10. Let x € R and s > 0. We have to show that the right
side of (1.9) satisfies the defining property of the conditional expectation on the
left, i.e. we need to prove

(1.11) E” [X o0, A] = E” [EP X, A]

for all bounded random variables X and all A € F,. Again, we first consider
special X and finite-dimensional sets A € F; as in (1.3) and (1.4), where

O<rm<...<rp,<s+h<s+t1 <...<s+t,.

We choose 0 < h < 3, since we want to prove (1.9) in the end instead of (1.10).
To show (1.11), we first want to prove

(1.12) E”[X 06,, A] = E” [JEBM lﬁ Fon(w(ty, — h))] ,A] :

m=1

For simplicity, let £k =n = 1 and calculate
E* [X @) 95, A] = [E* [fl(W(tl + S)),W(T’l) € Al]
= / ey (zyu) - EY fi(w(t; + s — 1)) du

_/ e (2,0 ( Dty rs—r (U, 2) f1(2) z) du
(1.13) / Pr, (1) / (/ Dsth—r (U, V) pt, (v, 2) dv) f1(2) dz du
**)/ Pro (2, u ( Psth—r (U, V </pt1 (v,2) f1(z )d2’>dv)du

=Ev fi(w(t1—h))
=B [EP+ [fu(w(ts — h))], w(r1) € Ay

= E” [EP+ [fi(w(ts — )], A],

where we used that
Pti+to (ua Z) = /Rptl (uv U)ptz (’U, Z) dv

for t;,to > 0 and u, z € R at (*) and Fubini’s theorem at (xx). This also holds for
general k,n € N, which can be written in a clearer way as

(1'14) E* [X o 987 A] =E* [(b(Berhy h)7 A] )

where

¢y, h) =EY ] fulw(tm —h)), yeR, h>0.
m=1
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Writing ¢(y, h) out explicitly in terms of the normal density as we have done
at (1.8) in the proof of Proposition 1.9, we note that ¢ is jointly continuous in
(y,h) € R x [0, 11).
Next, we generalize (1.12) for all sets A € .7:2+ » by applying the m-A-theorem,
2
Theorem A.7, to

P = {A € ~7:£+ A ﬁnite-dimensional}
2

and
L= {A € }"SOJFE : (1.12) holds for A} :

L is a A-system, since:

(i) Q € L, by doing similar calculation steps as in (1.13).
(ii) If E, F € Land E C F, then F\E € L follows by noting that 1p;\p = 1p — 1.

(ili) Let (Ap)nen C Land A, T A. A € L follows by noting that 14 = 3", cn 14,1\,
the boundedness of X and (ii).

Since P C L by (1.12), the m-A-theorem yields that (1.12) also holds for each
Aeo(P) = ]—“&E. Note that we had to take s+ 2, since the last point in time ry
2
of a finite-dimensional set has to be strictly smaller than s + h. Furthermore note
that since F, C fg+ »s (1.12) holds for every A € F,. Using the joint continuity
2

of ¢, ¢(y,0) = EYX for every y € R and the continuity of Brownian paths, we get
(1.11) by letting h | 0 in (1.14).

The monotone class theorem again extends the result to bounded random vari-
ables X. For this, let P be the m-system containing all finite-dimensional sets and

set
H := {X bounded : (1.11) holds for A € F;}.

H is obviously a vector space satisfying property (ii) of the monotone class theorem
by the bounded convergence theorem. Property (i) was already shown above.
Hence, the proof is complete. |

1.2.1 Applications

There are some interesting and useful consequences following from the Markov
property.
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PROPOSITION 1.11. (a) Let X be a bounded random variable. Then for every
xr €R and s > 0, it holds

(1.15) B [X | F) =B [X | F] P-as,

(b) If A€ Foy, then P* (A) =0 or 1 for every x € R.

REMARK. (b) is known as Blumenthal’s 0-1 law. It is important to note that the
decision whether P* (A) is 0 or 1 in general depends on .

Proof of Proposition 1.11. (a): Let z € R and s > 0. First, we take special
X as in (1.3). We will compute the left side of (1.15) explicitly using the Markov
property, Theorem 1.10, and note that the result is also FP-measurable, which
gives (1.15) for special X. For this, write

X(w) = X3 (w)(Xz 0 0,)(w),
where

Xi(w)= J] folwltn) and Xo(w)= ][] fiu(w(tm —s)).

m:tm,<s mity,>s
Since X, is F? C F,-measurable, the Markov property gives
E” [X | F] = XiE* [Xp 00, | F,] = X1EP* X, P*-aus.
The second factor of the right side is indeed also F2-measurable by Proposition 1.9.

We again apply the monotone class theorem to the m-system P containing all
finite-dimensional sets and to

H := {X bounded : (1.15) holds} .

H is a vector space and satisfies property (ii) of the monotone class theorem by us-
ing the dominated convergence theorem for conditional expectations. Property (i)
has been proved above.

(b): Take A € Fy and = € R. Using (a), we get
Ly =E"[14] Fo] =" [14| FY],

which means that 14 is FJ-measurable. Since By is constant P*-a.s., F{ consists
only of events with P”-probability 0 or 1 implying that each F§-measurable random
variable, and thus 1 4, is constant P*-a.s. Note that 14 can only have values 0 or
1. It follows

P*(A) =E*14 =0or 1.
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COROLLARY 1.12. Let 7, :=inf{t >0: B; >0} and 7, ;= inf {t > 0: B, = 0}.
Then:

(a) P'(1,=0)=1

(b)) PO(m, =0)=1

Proof. (a): Note that {7, = 0} € Fy (but ¢ FU). Indeed, since 7, is a stopping
time by Proposition 1.5, we get

=0t =N{ns_}eNr="5

neN n neN

Therefore, we can use Blumenthal’s 0-1 law, Proposition 1.11 (b), i.e. it suffices
to show that the probability is strictly positive. For this, take ¢ > 0 and note that

1
IP’O(Tagt)ZIP’O(Bt>O):§.

Since

{ra=0} = {m <t}

neN

for any decreasing sequence (t,)nen With ¢, “— 0, we get

O(1, =0) =lmP° (1, < t) >
P° (1, =0) l&r)ﬂP’ (1, <t) >

> 0.

DO | —

(b): Recognize that also the corresponding statement for B; > 0 instead of
By < 0 holds, i.e. P? (15 =0) =1 for 75 := inf{t > 0: B; < 0}. By path continuity
of Brownian motion, it follows

P’ (1, =0) > P’ (r, =0A T3 =0) = 1.

In contrast to Blumenthal’s 0-1-law, another 0-1-law can guarantee the inde-
pendence of x. It is about so-called tail events coming from the so-called tail
o-algebra

T:=F,
>0
where F; denotes the smallest o-algebra with respect to which the projection 7y,
defined in (1.1), is measurable for all s > t.
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PROPOSITION 1.13. If A€ T, then P* (A) =0 for allxz € R or P*(A) =1 for
all x € R. Furthermore, if X is a T -measurable random variable, then there exists

a constant ¢ € R, independent of x, such that P* (X =c¢) =1 for all z € R.
Proof of Proposition 1.13. Take A € T. Recall that

. tBi,(w) =tw (1) ift>0,
Bi(w) = {O / (t> £1—0

is a standard Brownian motion (i.e. starting in 0). Since this transformation is
bijective, we get that P? (4) = 0 or 1 by Blumenthal’s 0-1 law. Let z € R and note
that the mapping w(-) — w(-) + = transforms P° into P*, but lets 7 unchanged.
Therefore, P* (A) = 0 or 1. Now, we have to show that this probability does
not depend on x. We do this by showing that P* (A) is continuous in z, which
implies the independence, since P* (A) takes only values 0 or 1, and thus must be
identically 0 or identically 1. Take some s > 0. Since A € F7, there is some set
D € F such that 14 = 1p o 6,. The Markov property gives

P* (A) = E*l, = B [1 06, = E* [E* [1 0 0, | F]
= [E* [IEBS]ID} = /Rps(x,y)IP’y (D) dy.

The right side above is continuous in x, so P* (A) is also.

Now, let X be a 7-measurable random variable. Since all events of the form
{X <y} for y € R have P*-probability 0 for all z € R or P*-probability 1 for all
x € R, there has to be a constant ¢ € R such that for all z € R, P* (X <y) =0
for y < cand P* (X <y) =1 for y > c. It follows that X = ¢ P*-a.s. for each
x € R implying that c¢ is independent of x. [ ]

The next proposition is a special case of the well-known It6 formula from
stochastic calculus and will be applied several times in Chapter 2. It is sometimes
also referred to as Dynkin’s lemma.

PROPOSITION 1.14. Let h be a C?-function with compact support in R. Then,
for every x € R

t1

(1.16) E*h(B;) = h(z) + E’”/ SAR(B,) s for allt > 0.
0

Consequently, the process

M, := h(B,) —/

t1
—Ah(Bs)ds, t>0
0 2

s a martingale with respect to (]:t)tzo under P* for every x € R.
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Proof. The first part of the proof is based on the observation that the density of
the N (x,t)-distribution,

1 _(@—y)?

pt<x7y) = \/%6 2t

where t > 0 and z,y € R, satisfies the heat equation

0

(1.17) o

pe(z,y) = Aypi(z,y)

for all t > 0, and x,y € R, which can be seen by a direct calculation. Here, A,
denotes the Laplacian with respect to y. We need to pay attention on the fact that
the partial derivatives of p;(z,y) blow up at t = 0 and z = y. But for any € > 0
all the partial derivatives (both 2 and A,) are bounded on the region [e, 00) x R?.
This and the fundamental theorem of calculus give for 0 < e <t and z € R

E*h(B,) = / h(y)pt(x y) dy
(1.18) _ // ps ) dsdy—l—/ Y)pe(z,y) dy .

=4 =EZh(Be)

In a second step, by (1.17) and Fubini’s theorem, we get for A;
t 1
Al / / yps T y) ds dy

*// VAps(x,y) dy ds.

=:A5

Now, we can integrate by parts twice for A, to get the Laplacian from p,(z,y) to
h(y). Note that the boundary terms vanish, since h has compact support. This
gives

10 0

Ay =— | =— —
2 RQ(‘?yh(y)ay

ps(z,y) dy:/R;Ah(y)ps(x,y) dy

implying o o
A, :/R S AR()p.(z,y) ds dy :IE’““/ SAR(B,) ds,

where we used Fubini’s theorem again. Finally, (1.18) becomes

t
E*h(B;) = E*h(B.) + Ef/ ;Ah(BS) ds.

€
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Since h and Ah are bounded and continuous, the bounded convergence theorem
yields (1.16) for € — 0.

For the second part, note that (1.16) can be written as
(1.19) E* M, = h(x)
for all t > 0 and x € R. Let x € R. (M,);>¢ is obviously adapted to (F;),~o. M;

is also integrable with respect to P® for every ¢+ > 0 by (1.19). The martingale
property follows from the Markov property. Indeed, let 0 < s < ¢ and calculate

s t—s
E* [M, | F,] = E° [h(Bt_s) 00, + / ;Ah(Bu) du + / ;Ah(Bu) 0 0, du
0 0

7]
B s 1 B t—s |
— EPh(B;_,) + / S AR(B,) du+ B / SAR(B,) du
0 0
s 1
= ]EBth_S + / §Ah<Bu) du
0
« s 1
(:)h(Bs)Jr/ SAR(B,) du
0
=M, P*as.,
where we used (1.19) at (). [

REMARK. (a) Note that this proof can be done in a similar way for Brownian
motion and / in n dimensions.

(b) This result can be generalized to bounded functions, since every bounded
function is the limit of a sequence of functions with compact support.

1.3 The strong Markov property

In this section, it is about to prove the strong Markov property. The big difference
to the former Markov property is that it takes stopping times into account instead
of only fixed points in time. Therefore, we first state a definition that allows us to
deal with "stopping time o-algebras". Afterwards, we will show some basic results
for it required by the proof of the strong Markov property.

DEFINITION 1.15. Let 7 be a stopping time. Define

F.={AeF:An{r <t} e F forallt >0}.
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PROPOSITION 1.16. Let 7 be a stopping time. Then:

(a) F; is a o-algebra.
(b) Fr={AeF:An{r <t} € F forallt >0}

Proof. Let t > 0 always be arbitrary.
(a): We show that F, satisfies the properties of a o-algebra:

(i) 0n{r <t}=0¢e F. So, 0 € F..

(ii) For A € F;,
An{r <t} ={r <t}\(An{r <t}).

eF: eF:
So, A € F..

(iii) Let (A,)nen be a sequence of sets with A,, € F, for each n € N. Then
(U An) N{r<t}=J A.Nn{r<t}) e F
neN neN o

lmplylng UneN An S *F’T"

(b): Let F, be the right side of the statement. For the containment C, let
A e F,. We get

Aﬂ{7<t}:AﬂU{T§t—1}

neN n

- (Aﬂ{Tgt—l})E}"t

neN n

E]'—t7L CFe
implying A € F.. For the converse containment, take A € F.. Here, we get

An{r<t}=4An) {T<t+i}

neN

=N <Aﬁ{7<t+i}> € ﬂﬂﬁzﬂ

neN neN

Hence, A € F.. |
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LEMMA 1.17. Let all 7’s appearing below be stopping times. Then:

(a) T is F,-measurable.
(b) 7 < 1o implies F,, C F.,,.
(c) If o | 7, then Fr = Npen Fr, -

(d) If the process X = (Xy)i>0 is adapted to (Fy),5o and has right-continuous
paths, then X 1,y is Fr-measurable.

Proof. (a): It suffices to show that {r < s} = {7 € [0,s]} € F, for s > 0, since
it holds

{re(rs]}={r<stn{r>r}

———
{rer}e
for each r,s > 0 with » < s and since half-open intervals generate B(R). So, let
s,t > 0 and get
{r<sin{r<t}={r<sAt}eF
—_———
EFsntCFt

implying {7 < s} € F,.

(b): Take A € F,, and note that {m < t}
{m <t} C{m <t} for each t > 0. It follows for ¢

= {n <t} Nn{m < t} since
>0
Aﬂ{ngt}:Aﬂ{ﬁgt}ﬂ{ngt}e}}.
| —
eFt
Hence, A € F,,.

(¢): Since 7 < 7, for every n € N, the containment C follows by (b). For the
converse containment, take A € N, oy Fr, and ¢ > 0, and see that

An{r<t}=An{J {rn. <t}

neN

= U(Aﬂ{7n<t})6]:t

N
ne eF

implying A € F,.

(d): For a general stopping time 7, note that

Xolfrcooy = 7}1_{20 Xranlr<ocy-



30 1 Preparation: One-Dimensional Brownian Motion

Thus, since 7 is F,-measurable by (a) and X, is (also) F,r, C F,-measurable
for each n € N, it suffices to show that X; is Fz-measurable for finite stopping
times 7.

Assume first that the stopping time 7 takes only finitely many values 1, s, .. ..
For a € R and t > 0, we can write

{(X;<ajn{r<ty= U {r=t Xy, <a} € F,

keN
tp <t €Fy, CFt

since 7 is a discrete stopping time and since X is adapted to (F;),~,. This implies

that {X, < a} € F,, and therefore X, is F,-measurable (see (a)).

Now, let 7 be a finite stopping time, i.e. 7 < oo. We approximate 7 by a
sequence of decreasing discrete stopping times (7,,)nen as follows:

k1 k

1
(1.20) To 'S o if o <7< ; for some £k € Nj.

Note that 7, | 7 and furthermore that 7, is a stopping time for each n € N.
Indeed, for ¢t > 0, we find some k£ € Ny such that 2% <t< % Then

k
{r, <t} = {7‘ < 271} € Fijon C Fi.
Since X has right-continuous paths, X, = X_.. For n > m, X, is F, -
measurable, since 7, is discrete, and thus is F, -measurable by (b), since 7,, < 7,,.
It follows that X, is F,, -measurable for each m € N implying that X, is F,-
measurable by (c), which completes the proof. |

Now, we are ready to state and prove the strong Markov property.

THEOREM 1.18 (Strong Markov property). Let X be a bounded random variable
and T be a stopping time. Then for every x € R, it holds

(1.21) E*[X 0, |F]=E"X Pa.s on{r < oo}

Proof. Let x € D throughout the whole proof. Again, the plan is to prove (1.21)
first for discrete stopping times taking only countable many values. Afterwards,
we approximate arbitrary stopping times by discrete ones from above and take X
of special form such that we can finally use the monotone class theorem.

So, assume first that 7 takes only countable many values t1,t,, ... and oco. It is
important to note that the right side of (1.21) is F,-measurable by Proposition 1.9
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and Lemma 1.17 (d). To verify the defining property of the conditional expectation
n (1.21), we need to show that

(1.22) E” [X o0, A] = E* [E®" X, A]
for A € F, with A C {7 < co}. For this, write

E*[X 06, A = E*[(X 06,) - 3 1y, 4]

neN
=1

=S E (X 00, AN {r=t,}]
neN

= ZE’” (X o6, ,An{T =1t,}]
neN

Y SE [EP X, AN {7 = t1,}]
neN

=Y B [EP X, AN {7 = t,}]
neN

= E° [IEBTX, A] ,

where we used the Markov property, Theorem 1.10, at (%) recognizing that it
applied, since AN {7 =t,} € F,, n € N, by the definition of F.

If 7 is an arbitrary stopping time, we approximate it from above by a sequence
of stopping times (7x)ren as we did in (1.20). Let 7, = oo for all k € N, if 7 = o0.
Let X be special — see (1.3) — and take A € F, C F,, k € N, such that
A C {7 < oo}. The first part above gives for k € N

E*[X o6, , Al = E* []EB% X, A] .

Now, we have to pass to the limit as k — oo. For the left side, we write

n

(X 06,)@) = TT fulwltn + 7)) 222 TT fanlltn + 7)) = (X 06,) (),

m=1 m=1

where we used the (right) continuity of Brownian paths. For the right side, recall
from the proof of Proposition 1.9 that the function y — EYX is continuous, which
finally gives (1.22)

Finally, applying the monotone class theorem to the 7m-system P containing all
finite-dimensional sets and to

H := {X bounded : (1.22) holds for A € F, with A C {7 < c0}}
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gives the general case for bounded random variables X. Obviously, H is a vector
space and by using the bounded convergence theorem, we can see that H satisfies

property (ii) of the monotone class theorem. The special case above shows property
(i). |



Chapter 2

Brownian Motion and the Dirichlet
Problem

This chapter contains the main results of the thesis and treats the connection of
n-dimensional Brownian motion and the Dirichlet problem.

One of the most important and interesting partial differential equations, which
is a topic of every PDE course, is the Laplace equation:

(2.1) Au=0 onR",
where A denotes the Laplace operator defined by

n aZu

i=1
A function (on R™) which satisfies (2.1) is called harmonic.

It describes the equilibrium temperature distribution, in which one is interested
especially for a given body D with fixed temperature on the boundary dD. This
means, we want to find functions h on D satisfying Ah =0 on D and h = f on
0D for prescribed boundary values f. This problem is called the Dirichlet problem
on D. The bodies D will be mathematically described throughout this chapter by
domains, i.e. open, connected subsets of R".

In the 1940’s and 1950’s, it was recognized by the pioneers Kakutani, Kac
and Doob that there is a deep connection between n-dimensional Brownian mo-
tion, harmonic functions and the Dirichlet problem. As a consequence of this
probabilistic approach, we can approximate solutions to the Dirichlet problem by
Monte-Carlo simulations while requiring less smoothness of the boundary.

In a first step (Section 2.1), we are going to treat some basic results about
harmonic functions, which we will need from time to time later on. In Section 2.2
we state and prove some first results about the connection between Brownian
motion and harmonic functions and prepare for Section 2.3, in which we will care
about the Dirichlet problem on bounded and unbounded domains. Finally, in



34 2 Brownian Motion and the Dirichlet Problem

Section 2.4, we see how to solve a boundary value problem on bounded domains
involving the Poisson equation in a probabilistic way.

2.1 Harmonic Functions

We will see that harmonicity can be defined in two ways. Our first goal is to prove
their equivalence. Before we start, let us clarify some notation. The closed ball in
R™ is denoted by B(x,r) and its boundary by 0B(z,r). The definition is

Bx,r)={y eR": |z —y|<r}, 0B(z,r):={yeR":|z—yl=r},
where || is the Euclidean norm on R".

The normalized surface measure of total mass 1 on 0B(z,r) is called o, ,(dy),
the Lebesgue measure on B(z,r) simply dy. The volume of B(0, 1) in n dimensions
is denoted by V,,, so the volume of B(x,r) is V,,r". The surface of B(z,r) in n
dimensions is nV,r" 1.

DEFINITION 2.1 (Mean value property). A continuous function h on D sat-
isfies the mean value property if

(2.2 )= [ hly) o (dy)

for all z € D and r > 0 such that B(z,r) C D.

THEOREM 2.2. Let h be a function on D. Then the following statements are
equivalent:

(a) h is continuous and satisfies the mean value property.
(b) h € C*(D) and satisfies Ah =0 on D.
Proof. Suppose (a) holds. First we want to prove that h € C*°(D). For this, fix

x € D and take a radial C*°-function ¢ with support in [0, €] for € > 0 such that
B(z,€) C D. A change to spherical coordinates (Theorem A.3) gives

[Lotly=ahntydy= [ o(lu)hie+u)du
(2.3) =nV, /Ow(r)rnl ( /d ) am(dy)> dr

= h(z)nV, /0E o(r)r"tdr,
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where we used (2.2) in the last step. The left side of (2.3) is a C*°-function since
all derivatives can be put under the integral (¢ has support in [0, €]). If the integral
on the right side of (2.3) is nonzero, it follows that h € C*°(D).

For the rest, it suffices to show that for h € C?(D) the mean value property is
equivalent to Ah = 0 on D. We will prove this analytically using the Gauss-Green
formula (Theorem A.2). Again for x € D and r > 0 such that B(z,r) C D this
gives

/ ( )Ah(y) dy = nV,r"! / Vh(y) - vog,(dy)
B(x,r

OB(z,r)
= nVnrn_l / Vh<y) ’ A O-I,T‘(dy)
OB (z,r)
(2.4) LU . (z +ry) - yoo.(dy)
d
— V[ d
Vs (z +ry) 00,1 (dy)
d
= Vn n—17/ h x,r d )
Ynl dr OB (z,r) (y)o- ’ ( y)
where v is the outward normal vector on dB(x,r). Suppose Ah = 0 on D.
(2.4) gives that
h er(d
RO LT
is constant in r. Using Lemma A.4, it follows
h er(dy) =1i h +t(dy) = h(x),
Loy M) o) =Tim [ h(y) 0:(dy) = h()

which proves the mean value property. Now assume that (2.2) holds for any ball
B(z,r) C D. By (2.4), it follows

(2.5) /B(m) Ah(y)dy = 0.

It needs to be shown that Ah = 0 on D. Recall that Ah is continuous (since h
was proven to be C%(D) in the first step). This means that if Ah 2 0 on D, there
exist g € D and ry > 0 with B(xg,79) C D such that, say w.l.o.g., Ah > 0 within
B(zg, 7). Using (2.5), we get a contradiction:

0= / Ah(y)dy > 0
B(zo,r0)

So, Ah=0on D. [ |
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DEFINITION 2.3 (Harmonic function). A function h on D is called harmonic
if it satisfies the equivalent properties from Theorem 2.2.

Here are some typical examples of harmonic functions in several dimensions, which
we will need later on.

EXAMPLE 2.4. Let
x ifn=1,
h(z) = {loglz| ifn =2,

Using criterion (b) in Theorem 2.2, we can show that A is harmonic in R if n =1
and harmonic in R™\ {0} if n > 2.

There is an interesting basic result contrasting Example 2.4.

PROPOSITION 2.5. Fvery nonnegative harmonic function on R™ is constant.

Proof. Choose arbitrary y,z € R" and take s > 0. Define ry 1= s + |y — 2|
implying B(y,s) C B(z,rs). Since h is harmonic on R", we can set ¢ = 1y, in
(2.3) to get

1

h(z) = / h(z) dz.
(Z) Vnrg B(z,rs) (:U) v

Since h is nonnegative, it follows

1 1 s\ s\"
h(z) > / h(z)dr = / h d-() _h ()
() 2 Vart JB(y.s) (z) dz Vias™ JB(y.s) (z) d Ts (v) Ts

Letting s 1 oo gives > — 1 implying h(z) > h(y). Since y,2 € R" were chosen
arbitrarily, A is constant. |

The following "maximum principle" of the Laplace equation is a purely analytic
result which will be used several times in this chapter.

PROPOSITION 2.6 (Maximum Principle for Harmonic Functions). Let h be a
harmonic function on D.

(a) If h attains its maximum on D, then it is constant on D.
(b) If D is bounded and h € C(D), then

max h = max h.
D 8D
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REMARK. Assertion (a) is called the strong maximum principle and (b) is the
maximum principle for harmonic functions. Replace h by —h to get similar asser-
tions for the minimum case.

Proof of Proposition 2.6. First prove (a). Assume h attains its maximum
M :=maxph at xg € D and consider the set

S:={xeD:h(x)=M}.

We want to prove that S is open, relatively closed (i.e. closed in the relative
topology of D) and nonempty. Since D is connected, this would imply S = D
(and thus h = M on D).

Openness: Take x € S. Since h is harmonic on D, we can set ¢ = 19, in (2.3) to
get

B 1
n V,rm

(2.6) M = h(z) /B o, M) dy i Ba.r) € D.

It follows that h = M within B(xz,r), since M is the maximum and (2.6) would

fail otherwise. So, B(x,r) C S.

Relative closedness: Take a sequence (z,)pen in S with z, 720 . We may

assume that x € D, since we want to show closedness in the relative topology of
n—oo

D. Since h is continuous, it holds h(z,) —— h(z), implying x € S.
Nonemptyness: Obviously, S is not empty since it was assumed xg € S.

Now prove (b). If h is constant on D, the assertion follows immediately. So,
assume that h is not constant and, for a contradiction, h attains its maximum
in D. But in this case, (a) implies that h has to be constant. So, h attains its
maximum on the boundary 90D. |

COROLLARY 2.7. Suppose D is bounded and hy,hy € C(D) are two harmonic
functions. If hy = hy on 0D, then hy = hy on D.

Proof. Set h := hy — hy, which is again harmonic on D, € C(D) and = 0 on dD.
Proposition 2.6 (b), both the maximum and the minimum case, gives h = 0 on D.
The result follows. [

REMARK. Looking ahead, note that Proposition 2.6 and its Corollary 2.7 say
that if a solution to the Dirichlet problem exists, then it is unique (provided D is
bounded and f is continuous).
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2.2 Brownian motion comes into play

In this section, we will see how Brownian motion connects with harmonic functions
and afterwards with the Dirichlet problem. But for this, we again will give a
suitable mathematical context: a filtered probability space on which n-dimensional
Brownian motion can live.

The probability space, which is again denoted by (2, F,P) can be constructed
from the one-dimensional case. Let (€2, F,P) denote the probability space for the
one-dimensional case from Chapter 1. We define

(Q, F,P) = (O, F&" P™").
Hence, the n-dimensional process
B:[0,00) x Q= R™, (t,w) = (BMw1), ..., B (),

where all B?, i € [n], are independent one-dimensional Brownian motions, will
represent n-dimensional Brownian motion on (Q, F,P).

Figure 2.1: Three-dimensional Brownian motion started at the origin of a sphere
and stopped at the boundary

The construction of the well-known family of probability measures (P*),cgn can
be adapted from the one-dimensional case, see (1.2). The filtrations (F});>o and
(Ft)e>0 are appropriately defined as

Foi= (FO®" and F,:=F2", t>0,
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where (F?);>0 and (F;);»0 denote the filtrations from the one-dimensional case.

We will need this concrete mathematical context later when we prove Blumen-
thal’s 0-1 law for Brownian motion in n dimensions.

Note that our versions of the (strong) Markov property from Chapter 1, The-
orem 1.10 and 1.18,; also hold for Brownian motion in n dimensions. The proofs
can be adapted.

Furthermore, recall that n-dimensional Brownian motion is rotationally invari-
ant. In order to use this property in the sequel, we need the following result.

LEMMA 2.8. 0., is the unique rotationally invariant probability measure on
0B(x,r).

Proof. Assume p is a rotationally invariant probability measure on 0B(x,r) and
let ¢, be its characteristic function (i.e. ¢.(u) = [yp, T)e u(dv), u € R™).
Analogously, let ¢, be the characteristic function of o,,. Also the characteristic

functions are rotationally invariant, since for a rotation matrix R, it holds for ¢,
(and ¢, respectively)

Ru) = / i{Ru,v) d / i{u,RTv) d
¢M( u> BB(J:,T) ( U) dB(z,r) © M( U>
= ¢ pu(dv) = @ (u).

OB(z,r)

Hence, there exist two functions ¢} and ¢} depending only on |u| such that

Gu(u) = @ (lul) and @y (u) = ¢5(lul).

Thus, by the uniqueness theorem for characteristic functions (Theorem A.10), it
suffices to show that ¢ = ¢;. We compute

) = [ O o) = [ 0 (u) 0 ()

_ i(u,v)
= e dv o (du
OB(z,r) </83(:E,7') IU( >> s, ( )

OB(z,r) ( OB(z,r) ¢ Uz,r( u> ,U( 7))

_ / u(dv) = /a oy O () d0) = 03(1),

using Fubini’s theorem at (x). |
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THEOREM 2.9. Assume h is a continuous function on R™ such that E*|h(B;)| < 0o
for allx € R™ and t > 0. Then the following statements are equivalent:

(a) h is harmonic.

(b) h(x) =E*h(B;) for all x € R™ and t > 0.

Proof. Suppose (a) holds and let £ > 0. Since h is harmonic, it satisfies the mean

7‘2
value property and we can rewrite (2.3) for ¢(r) := 21 ze 2 and D :=R" (ie.
V2t
the restriction on the support is not relevant) to get

1 y*zg ]_ 0 r2
@/ e~ h(y) dy = h(m)nVnﬁ/ e 2" dr
V2mt? IR V2t? 70

1 yl?
= h(z) i / - dy = h(z), = €R"
V2mt? TR

=1

Note that B, is normally distributed with mean x and covariance matrix ¢t/ under
P*. Hence, it holds for x € R"

1 ly—z|?
h(z) = 2/ o5 h(y) dy = E°h(B,).
\2mt? /R

For t = 0, it holds B; = = P*-a.s., so it follows E*h(B;) = E*h(z) = h(x).
For the converse, assume (b) and prove the mean value property for h. Take
x € R™. Using the Markov property for Brownian motion, Theorem 1.10, we get
that (E*h(B;)),s, is a martingale under P*: For s,¢ > 0, it holds
E® [0(Byys) | Fo] = EP*n(B,) = h(B,) P"as.

For some r > 0, let 7 be the first exit time of B(x,r). By the stopping time
theorem, it follows for ¢t > 0

(2.7) h(x) = E°h(B,) = E* [E” [W(By) | Finr]] = E*h(Bin).

Note that the distribution of B, is rotationally invariant and so is o, on B(x,r)
by Lemma 2.8. To apply the bounded convergence theorem to (2.7), we show that
E*h(B,) is bounded:

E*|h(Buinr)| < E” [[(Bo)[ 1y | + B [|A(B)[1ir<n]
< E[h(By)| + E*|h(B)| < oo,

since E*|h(B,)| < oo by assumption and E*|h(B;)| = [yp . 1Y) 02 (dy) < oo,
where we used that h is continuous on R"™. Eventually by the continuity of h,
letting ¢t — oo in (2.7) gives h(z) = E*W(B;) = [yp . (V) 02 (dy). |
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The following probabilistic proof demonstrates how to apply Theorem 2.9 to
a basic result in PDE theory. The proof is done via "coupling" two independent
Brownian motions.

PROPOSITION 2.10. FEvery bounded harmonic function on R™ is constant.

Proof. For z,y € R™, let (X;)i>0 and (Y;):>0 be two independent Brownian mo-
tions starting at « and y respectively. We couple (X}):>0 and (Y;):>o in the follow-
ing way. They move independently until the first time 7y := inf {¢ > 0: X! = V;'}.
71 is finite P-a.s., since (X} — Y;!)i>0 is a one-dimensional Brownian motion start-
ing at © — y and being recurrent, i.e. it achieves 0 eventually P-a.s. (this property
will be shown later in Example 2.12). After 7, the first coordinates of (X¢):>0 and
(Y:)t>0 stay together, while the other coordinates continue moving independently
until 7 ;== inf {t > 71 : X? =Y} > 71. After 7, the first and second coordinates
stay together. We repeat this process until time 7, := inf {t > 7,_; : X}' = Y"}.
After 7, all coordinates stay together, i.e. X; =Y, forallt > 7,. If h is a bounded
harmonic function on R"™, Theorem 2.9 implies that

Ih(x) = h(y)| = [EA(X,) — Eh(Y;)]
< E[h(X,) — h(Yy)|
= E [[M(X0) = h(YD)|Lp<ry | + E [[A(X0) = BYD)| L iz,

=0

<2||h|| Pt <T).

Letting t — oo gives h(x) = h(y), since 7, is finite P-a.s. [ |
In the following, if not stated otherwise, f is a nonnegative measurable function
on 0D. Furthermore, let 75 denote the first exit time of Brownian motion from a

Borel set S:
Tg :=inf{t > 0: By € S}

Recall that 74 is a stopping time by Proposition 1.5 and 1.7, if S is open or closed.

Here comes the first result involving the (bounded or unbounded) domain D.

THEOREM 2.11. The function
h<$) =FE* [f(BTD>7TD < OO]

1s either harmonic in D or = oo on D.

Proof. Note that h is well-defined, since B, € 0D by path continuity of Brown-
ian motion and f(B,,) is measurable as a composition of two measurable functions.
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We suppose h is finite and show the mean value property for A. Hence, take
x € D and r > 0 such that B(xz,r) C D. Note that for paths starting at =, and
thus inside B(x,r), 7 := Tp(,) < 00 by regarding a single coordinate of (B;);>¢
which takes on infinitely large values. Again path continuity of (By);>¢ implies
that paths w beginning inside B(x,r) satisfy 7p = 75 + 7p 0 0,,. It follows that

Tp < oo if and only if 7pof,, < o0
and

(2.8) By, = B,, o0

B *

(2.8) explains why we will lose the shifts by 75 in the following application of the
strong Markov property, Theorem 1.18. For this application, take

T=75 and X = f(B;,)l{rp<cc}-
The result is
E* [f(BTD)]l{TD<OO} "/—_.TB} - EBTB [f(BTD)7TD < OO} = h(BTB) P*-a.s.

for a bounded function f. Since every nonnegative measurable function can be
approximated monotonically by bounded functions, the general nonnegative case
follows by applying the monotone convergence theorem for conditional expecta-
tions. By taking expectations above, it holds

(2.9) h(z) = E°h(B,,).

Since the distribution of B,, is rotationally invariant, it is o,, by Lemma 2.8.
Thus (2.9) becomes the mean value property (2.2).

We assumed h to be finite. Of course, for a nonnegative measurable function f
there is a possibility that h takes on infinite values. Let us consider the set

H:={zxeD:h(zx) <oo}.

We will show that H is open and relatively closed implying that h is finite in D
or =00 on D.

Openness: Take x € D and r > 0 such that B(z,r) C D. By the previous steps,
we know that h satisfies the mean value property at x, so we can set ¢ := 1, in
(2.3) to get

(2.10) h(z) = anrn / IROLE
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and choose y € D with |z —y| < § implying B (y, %) C B(z,r). We compute

1 1
h(z) = / h(z)dz > / h(z)d
(@) Var™ JB(z,r) (z)dz 2 Vor™ JB(y.5) (2)dz
1

_ W /B(y’g) h(z)dz = 27"h(y),

using the nonnegativity of f and h. Thus, if h(z) < oo, then h < 0o in some open
neighborhood of x.

Relative closedness: Take a sequence (x,),, .y in H with z, 7% 2. Note that we
can assume that x € D, since we want to show closedness in the relative topology
of D. Since D is open, there exists x,, € H, ng € N, with |2,, — x| < § for some

€ > 0 such that B(x,,,¢) C D. It follows that B (J;, ;) C B(zp,,€). We compute

1 1
h(z) = 771/ h(z)dz < 2”/ h(z)dz = 2"h(zy,) < oo.
Vn (%) B(x’g) Vnen B(zn€) ’

Hence, H as a subset of a connected set must be either the whole set or the empty
set. This says that either A is finite on D or = co on D. (In the case that h is
finite we proved that h satisfies the mean value property).

If h is finite, we still need to prove continuity of h in D. But this is immediately,
since (2.10) gives for x,y € D and sufficiently small » > 0

1
h(z) — h(y)| = / hzdz—/ () dz
W) - h(y) Vnrn(B(M) @z [, ) )
(2.11) 1
< h(z)d
- Vn'f’n /B(m,r)AB(y,r) (Z) %

where A denotes the symmetric difference of two sets. Thus, |h(x) — h(y)| can be
made arbitrarily small by reducing the distance of z and y (making B(x,r)AB(y,r)
arbitrarily small). [ |

REMARK. (a) Until we considered the set H in the proof above, everything holds
for bounded f as well. But for bounded f the set H is obviously not empty
implying that H = D. This means that h is harmonic for bounded f.

(b) Note that we did not assume (un)boundedness of D in the theorem above,
which will be very useful in the sequel.

ExXAMPLE 2.12. In the following, we try to apply the knowledge we got from
Theorem 2.11 to study the exit behavior of Brownian motion and some conse-
quences.
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One-dimensional case: Let (By);>o be a one-dimensional Brownian motion and
take 0 < r; < ro. Define the stopping times

T i=inf{t >0: B, =r1} and 7, :=inf{t>0: B, =nr}.

We want to calculate the probabilities P* (7, < 7,,) and P* (7, < 7,,) for a Brown-
ian motion starting at x € (ry,r2). By the optional sampling theorem, (B, s, at)i>0
is a martingale implying

T = EIBTH AT At

Since 7,7, are P¥-a.s. finite stopping times, letting ¢ — oo gives
Tr = EmBnl ATry
=1 P (1, < 7pp) + 12 P¥ (7, < 70y)
=1-P% 7y <7ry )
=r1+ (ro —r)P* (1, < 7).
It follows that

r—7T
P (1, < Tpy) = ?7‘11 and P* (7, <7,) = ro =711

ro — &

Multi-dimensional case: Now, let (B;)i>o be an n-dimensional Brownian mo-
tion. Take again 0 < r; < ry and consider the domain

D={zeR":r <|z| <re}

fla) = {0 if |x| =,

1 if ’.%’| =T9.

and boundary values

By Theorem 2.11, the function
hi(z) = E* f(B,,) = P* (B; exits D through the outer boundary)

is harmonic in D. The results of the next section will show that h; satisfies the
boundary values in the sense that

lim hy(z) = f(2) ,z€0D.
z€D
Now, let hy be the function

" _ Jaloglz|+0b ifn=2,
Q(I)_ m%—i—b 1fn23
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By Example 2.4, hy is harmonic in D and also satisfies the boundary values for
constants @ € R\ {0} and b € R which have to be chosen correctly. On the inner
boundary, hs has to be zero whereas on the outer boundary it has to be one, i.e.
forn =2

alogri+b=0, alogrs+b=1

and for n > 3

a
4+ b=1.

ry

a
L +b=0,

i
This leads for n = 2 to

1 —logr;

- logry —logr,’ - logry — log 1y

and for n > 3 to
—2 n—2
_ (7"17“2)" h—
= —, = —
RS 2 2

Since hy = ho on 0D, we can use Corollary 2.7 to conclude

log|z|—log Ty ifn =9
log ro—logr1 )

P* (B; exits D on the outer boundary) = b9 s na
(LQ) % if n=3.
|| Ty TN

Recall from the one-dimensional case that this probability for n = 1 is given by

r—"n

forr; < x < ra.
o —T1

= at

Figure 2.2: Brownian motion stopped at the boundary of D in two and three
dimensions
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There is an interesting consequence of this example for n > 2 if we let r; | 0
and ry T oo. Define for r > 0

7, =1inf{t >0: B, € 9B(0,r)}

and note that the probability above can also be written as P* (7,, < 7,,). It follows
that for n > 2

ImP* (1, < 7,,) =1 for 0 <|z| <.
r140

Let 79 denote the first hitting time of 0 and take a decreasing sequence (r7), oy

with 0 < 77 < 7y for all n € Nand r? =% 0. Then, we get an increasing sequence
of sets ({TTQ < TT?}) . satisfying
n

{1, <710} = U {Trg < TT{L}-
neN

Using the continuity of the probability measure P*, this implies

P* (1, < 10) =lmP* (7, < 7,) =1 for 0 < |z| <rs.

r140

For letting ro 1 oo, take now an increasing sequence (r3), .y With 75 > 0 for

all n € N and 77 ™= oo. This time, we get a decreasing sequence of sets
2 g g

({7}; < Tg})neN satisfying

{7b = OO}';2 {“L {7}; < 70}.

As above, this implies P* (19 = o0) = 1 for « # 0, since

P?(1p = 00) > lim P* (7, < 79) = 1.

roT00

In other words, this means that a Brownian motion starting at a point z # 0 never
hits 0 P*-a.s.

The case x = 0 is still missing. First, let us rewrite the relevant event:

{To<oo}:{5|t>0:Bt:O}:U{3t>i:Bt:0}

neN

Now regard the event {Elt > % : By = O} for arbitrary n € N. The idea is now to

wait until time %, to start a Brownian motion from By, (which is P’-a.s. a positive
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distance away from 0, since P° (Byn = O) = 0) and to use the Markov property
then. Thus, it follows

P0(3t>i;3t:o) =P (3t >0: B2 =0)
=E° [P (3t >0: B2 = 0| Fy, )]
= E° [P% (3t > 0: B, = 0)]

= E°[ PP (0 < 00) | = 0.
| —
=0
It follows P° (75 < c0) = 0. This property can be easily generalized to arbitrary
points x € R™ (by taking balls with center z instead of 0) and is expressed by
saying that Brownian motion does not hit points in dimensions > 2.

Above, we let r; | 0 first, but we can derive another property of Brownian
motion if we only let ro 1 oo. For this, take an increasing sequence (7%)nen
with 5 “2%% co. Observe that the sequence of sets (A,)nen, defined by A, =

{T,«g < Trl}, is decreasing and it holds

{TTl = 00, limsup |B;| = oo} =N {Tr% < Trl}.
Take x € R™ with |z| > r;. Since P* (limsup,_, ., |Bi| = o0) = 1, it follows by
Lemma A.9,

P* (7,, = 00) = li%rn P* (7, < Tyy)-

For n = 2, we compute

log|z| — log

lim P* (7., < 7,,) = lim =0,

rotoo ratoo log ro — log ry

and if n > 3, it holds

Tn—2(|x|n—2 __Tn—Q)
: T o 2 1
TlQl/l[:gloP (Tr2 < T’Fl) - 7‘121%10 ’m‘n—2(rg—2 o 7"?72)
~ lim (rafa)" 2 (r1rs
rateo (rafar|)"2 — ()2 ratoo (raf2f)=2 — (rofa])"=2

r n—2 B |$|n72 o ,r_711—2
|ZL‘| |$|n—2 .

In other words, these results say that Brownian motion is neighborhood recurrent
(i.e. it hits every ball eventually with probability 1) if n > 2, but is neighborhood
transient (i.e. not neighborhood recurrent) for n > 3.

)n72
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REMARK. Above we dealt with probabilities of hitting times of circles. Another
interesting question is: What is the expected amount of time spent in B(0,r),
r > 0, for a Brownian motion (B;);>o started at x € B(0,7)? If we recognize that
(M, == |B,|* — nt);>0 is a martingale, the answer will follow with a few steps. So,
choose € B(0,r) and let us show that (M;);> is a martingale (with respect to
the natural filtration of Brownian motion (F}),,):

M, is integrable for ¢ > 0 since
E°|My| < E*| B> +nt = S E*(B{)? + nt = 2nt < oo.
=1

The adaptedness is obvious. Note that for each i = 1,...,n, ((B})* —1t),5, is a
martingale under P* by Proposition 1.3 (a). Thus, it follows that for 0 < s <t

Il
\E

e 14| 7

F2 [(B;’)? \ Fg] —nt = iw [(33)2 ¢ \ IQ]

N
Il
—

I

@
Il
N

((B)? = s) = B> = ns = M..

Let now 75 := Tp(o,) be the first exit time of the ball B(0,7). Since (M;);>o is
a martingale and 75 a stopping time, (M ,n¢)>0 is also a martingale. For ¢t > 0
this gives
E*M, 0 = E*M,y = |z|*.

Since 75 < oo P*-a.s., it follows by the bounded convergence theorem that
E*M,, = |z|>.
On the other hand, it holds that E*M,, = r? — nE%rg, so the result is

2
EmTB = 77”2 _ |l’| .
n
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2.3 Solving the Dirichlet problem

DEFINITION 2.13. Let f: 9D — R be a function. A function h is called a
solution to the Dirichlet problem on D with boundary values f if it is harmonic

on D and satisfies
lim h(x) = f(2), =z€dD.

r—z
zeD

So far, we found a harmonic function on D, which is the candidate for the unique
solution of the Dirichlet problem on bounded domains. In this case, it remains
to show that this candidate is continuous up to the boundary 0D. And it turns
out that proving this property has to take the structure of the boundary and the
boundary values f into account.

Recall that (F}),s, denotes the natural filtration of Brownian motion whereas
(Ft),>0 stands for its right-continuous extension. Note that the event {rp = 0} is
in Fy (but not in F). Indeed,

{rp =0} = ﬂ{TDS;}G ﬂ}—lo/n:}"o.

neN neN

In order to use Blumenthal’s 0-1 law, we have to deduce a version for n-dimensional
Brownian motion from the one-dimensional statement:

PROPOSITION 2.14. Blumenthal’s 0-1 law, as it was stated in Proposition 1.11
(b), also holds in higher dimensions.

Proof. Recall that

Fo=Fm=o({Aix...xA,: A€ Fo, i€ n]}),

where Fy is the o-algebra at time 0 of the filtration used in the one-dimensional
case. Since

P::{Alx...xAn:Aie]:"o,ie[n]}
is a m-system that generates Jy, it suffices to show that
(a) L, :={A € Fy:P*(A)=0or 1} is a A-system for every x € R",

(b) P C L, for every x € R"
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by using the m-A-theorem, Theorem A.7, for P and L.

First, we prove (a). Take arbitrary € R™ and show the defining three prop-
erties of a A-system (Definition A.G):

1. Qe L,, since P*(Q2) = 1.
2. Take A, B € L, with A C B. It holds
P*(B\A) =P"(B) —P*(A)=0or 1.
So, B\A € L,.
3. Take (A )nen C L, with A, T A. Tt holds

P*(A) = lim P*(A,) =0or 1.

n—0o0

So, A e L,.

For (b), take A € P. Then, there exist sets Ay, ..., A, € F such that
A=A x...x A,.

Since Ay, ..., A, are independent by definition (see beginning of Section 2.2), we
get

P (A) = B (4,) ... B (4,) =0 or 1,

where P%i, § € [n], are the corresponding probability measures from the one-
dimensional case. Thus, A € L,. |

So, by Blumenthal’s 0-1 law, it follows for every x € R™ that P* (1p = 0) = 0
or 1. Obviously, for z € D it holds P* (7p) = 0 and P? (7p) = 1 for z ¢ D (both
by path continuity of Brownian motion). Thus, the interesting case is € dD. In
general, it depends on the boundary point whether P* (7, = 0) is 0 or 1. This fact
justifies the following definition.

DEFINITION 2.15. A point z € 9D is called reqular if P* (1p = 0) = 1 and
irreqular if P* (tp = 0) = 0.

EXAMPLE 2.16. (a) Let D = {x € R" : z,, > 0}. Since B}' is a one-dimensional
Brownian motion, Corollary 1.12 implies that all points x € 9D are regular.
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(b) Forn >2and D ={x € R": 0 < |z] < 1}, 0 is irregular, since the probabil-
ity that Brownian motion immediately returns to 0 is 0 (Brownian motion
does not hit points for n > 2). For n = 1, 0 is regular by Corollary 1.12

again.

(c¢) Consider D ={z € R": |z| < 1}\{z € R" : 2y > 0,29 = ... =z, = 0}. Re-
call that Brownian motion does not hit points in dimensions > 2. It follows
that 0 is irregular for n > 3 since (B?,..., Bf');>o as an (n — 1)-dimensional

Brownian motion does not hit 0. In the case n = 2, 0 is regular. Indeed,
let o, := inf {t > 1. B = 0} and 7y := inf{t > 0: B? =0}. Note that
lim,, y00 0, = 79 = 0 P%-a.s. by Corollary 1.12. Since (B});>o and (B?);>o
are two independent Brownian motions, B;n is a symmetric random variable
implying

P (B, >0) =P (B, <0)> ;
Recognizing that {rp < 0,} 2 {B;n > 0}, we get

P’ (rp = 0) = lim P (7 < 0,) > liminf P° (B} > 0) >

n—0o0 n—oo

DN | —

Since {7p = 0} € Fy, we can apply Blumenthal’s 0-1 law, which gives

]P)O(TD:O):L

Since the notion of regularity is not very handy at first sight, we introduce another
condition being sufficient for regularity, the truncated cone condition. A cone is a
set of points obtained by rotating the set

{ZEJR":O<21, z§+---+zi§czf},

where ¢ > 0 can be seen as the "width" of the cone. To get a truncated cone we
just have to add the condition z; < r for r > 0 denoting the "length" of the cone.
A cone with vertex at z can be obtained by translating a cone with vertex at the
origin by z.

DEFINITION 2.17. A point z € 0D satisfies the truncated cone condition if
there exists a truncated cone Cy with vertex at z such that Cy C D°.

EXAMPLE 2.18. (a) Let D = {z € R": |z] < 1}. Obviously, every z € 9D
satisfies the truncated cone condition.
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(b) Take D = B(—1,1) U B(1,1). Then z = 0 does not satisfy the truncated
cone condition.

Figure 2.3: Example 2.18 (b) in two dimensions

LEMMA 2.19. If z € 0D satisfies the truncated cone condition, then z is reqular.

Proof. Let z € 0D satisfy the truncated cone condition by a truncated cone Cj
and let C' denote the corresponding full cone. We have to show that
(2.12) P*(rp =0) = 1.

Since {Tp = 0} € Fy, it suffices to prove that P* (1p = 0) > 0, since (2.12) will
follow by Blumenthal’s 0-1 law. First, regard P* (7p <t) for some t > 0. We
compute

(2.13) P*(rp <t)>P* (B, € Cy) =P* (B, € C) —P* (B, € C\Cy) .

Note that P* (B; € () is independent of ¢. To see this, take random variables Z;,
i € [n], which are all N'(z,1)-distributed under P*. Then for i € [n], VtZ; is
N (z, t)-distributed under P* as B} is, as well. It follows

P* (Bt S C) (;) P? ((Bz?)z "i_(Btl):_ (Btn)Z < C)
_ Pz (\/522)2 +o-t (\/ZZn)2 c
- ( (VtZ,)? : >

2 o« .. 2
:IP)Z<ZQ+ +Zn§c>,

which is independent of ¢t. At (x), we used the rotational invariance of Brow-
nian motion. Furthermore, note that this probability is strictly positive, since
C has strictly positive Lebesgue-measure and B, is multi-dimensional normally
distributed. Since

P (B, € C\Cy) =% 0,

we can conclude that P? (7p =0) = limyoP?(7p <t) > 0 by letting ¢t | 0 in
(2.13). [ |
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LEMMA 2.20. Fort > 0, the function x — P* (tp < t) is lower semicontinuous
on R™, i.e.
ligﬁn_)i?fIP’x (tp <t)>P*(rp <t), =zeR™

Proof. We try to construct an increasing sequence of continuous functions that
converges pointwise to x — P* (1p < t), because then we can use the fact that an
increasing limit of continuous functions is lower semicontinuous (see Lemma A.5).

Fix 0 < s < t. By the Markov property, we can write

P* (Ju € (s,t] : B, € D°) =E* [P* (Ju € (0,t — s] : Byys € D°| Fs)]
=E" [PP (Jue (0,t—s]: B, € D°)]
= E° [P (rp <t —5)]

=/ ps(z,y) PY (1p <t —s) dy,
R’ﬂ

(2.14)

w2
where ps(z,y) := \/21%67‘ 2= denotes the density of By, if By = x. The right side

of (2.14) is continuous in z, thus the left side is, as well.

It remains to show that P* (7p < t) is the increasing limit of the left side of
(2.14) as s | 0. For this, take a sequence (s,)nen such that s, | 0 as n — oo.
Note that the sequence of sets (A, )nen, defined by A,, := {Ju € (s,,t] : B, € D°},
is increasing and satisfies

{rp <t} ={3ue(0,t]: B, € D} = |J A,

neN
By the continuity of the measure P*, it follows that
P* (A,) 1+ P*(rp <t) asn — oc.

Now we can state and prove the main result on attainment of boundary values.

THEOREM 2.21. Let f : 0D — R be bounded. If z € OD is reqular and f is
continuous at z, then

lim h(e) = lim B [f(Br,), 7o < o] = f(2),
zeD zeD

Proof. Our goal is to show that
limsup |h(z) — f(2)| = 0.

r—z
zeD
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For r > 0, let 7, be the hitting time of B(z,r) and x € D N B(z,r). It follows

E” (| (Bry) = f(2)], 7 < o0]
=B [|/(Bry) = f(2)l 7 < 70 < 00] + B (| (Bry) = f(2)]. 70 < 73]
< 2| fllP* (7 S 7o < 00) + sup |f(y) = J()|B* (rp < 7).

ly—z|<r
yedD

(2.15)

Since 7, > 0 P*-a.s., there exists a ¢t > 0 such that P* (7, > ¢) > 0. Indeed, for a
contradiction, assume that P* (7, > t) = 0 for every ¢ > 0. Since

{r, >0} = U {r > t},

teQt

it holds that
P? (7, > 0) =lmP* (7, > t) =0,
0 e————
=0
which yields the contradiction to 7. > 0 P*-a.s.

Now, we want to show that

(2.16) limsupP* (1p < 7,) =1
veD
implying
limsup P? (7, < 7p < o0) < limsup P* (7, < 7p)
vebh vebh
=1—limsupP* (7p < 7,) =0.
veD

For the specific ¢ > 0 from above, we compute

P*(rp <7.)=P%1p <7,7 > t) + P (1p < 7., 7 < 1)
2{rp<t} >0
2 P (TD S t) .

By Lemma 2.20 and the regularity of z, it follows

limsupP* (7p < 7.) > lim inf P* (tp < 1)

ﬁ?ﬁ xeD
. .
> llgl_}zrlfP (tp < t)
xeD

Z]P)Z(Tpgt):l,
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which gives (2.16).
Note that, again Lemma 2.20 and the regularity of z give

lim sup P* (7p < 00) > limsup P* (17p < s)
(217) Tr—z Tr—z
> lirgl_)i?ﬂ?’z (p <s)>P*(rp<s)=1

for some s > 0.

Finally, (2.16), (2.17) and passing to the limit in (2.15) give

limsup |h(x) — f(z)] = limsup |h(x) — f(2z) P* (7p < o0)]
T—z T—z
€D zeD

< limsup E* [[f(By,) = f(2)],7p < o]
zeD

< sup [f(y) = f(2)],

ly—z|<r
yedD

Letting r | 0 and using the continuity of f at z completes the proof. [

Let us now look at the simplest result about Dirichlet problems for bounded D:

THEOREM 2.22. Suppose D is bounded, every point on 0D is reqular and f : 0D — R
is continuous. Then the unique solution to the Dirichlet problem is given by

h(e) = E"f(B,,), «€D.

Proof. Since D is bounded, it holds 7p < oo P®-a.s. for every x € D. Since
D is bounded (and hence 9D is compact) and f is continuous, f is bounded.
Theorem 2.11 and Theorem 2.21 give that h is a solution to the Dirichlet problem.
Since f is continuous, h is continuous on D. Thus, the uniqueness follows from

Corollary 2.7. [

REMARK. There is an interesting way to prove the following statement: If h is a
bounded solution to the Dirichlet problem on bounded D with boundary values f,
then

(2.18) h(z) =E"f(B,,), € D.

We see this by Proposition 1.14 and the subsequent remark. Indeed, let x € D.

Since

’TD/\t 1
h(BTDAt)—/ SAR(B) s, t20
0
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is a martingale with respect to (F),s, under P*, we can write

DAL 1
E*h(Byp i) — EX / 5 AN(B,) ds = E*h(By) = h(z)

= Wx) =Eh(Brpn)
Since h is bounded and continuous, and 7p < oo P*-a.s., letting t 1 oo gives
h(z) = E*h(B.,).
Note that B, € 0D by path continuity of Brownian motion, and hence
W(B.,)) = [(B,,).
which gives (2.18).

EXAMPLE 2.23. Let n > 2 and D := {x €¢ R": 0 < |z] < 1}. Example 2.16(b)
gives that the boundary point 0 is not regular. To find a solution to the Dirichlet
problem on D with continuous boundary values f, we first want to find a solution to
the Dirichlet problem on D := DU{0} with continuous boundary values f=7 lop-
By Theorem 2.22, the unique solution on D is

h(z) =E"f(B-;), x€D.
Hence, a good candidate for the solution on D is
h(z) =E*f(B,,), x¢€D.

But this function can only be continuous at 0 if
ozﬁozEONBT-:/ f d :/ dy).
F0) =00 =Ef(Bry) = [ F)ousldn) = [ f@)onaldy

If this is not the case, there is no solution to the Dirichlet problem on D. If it is,
the solution is unique by Corollary 2.7.

Next, we want to find out how to deal with unbounded domains. The function
(2.19) g(x) =P (rp=00), xz€D

plays an important role for this.
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PROPOSITION 2.24. For g, defined by (2.19), it holds

(a) g is harmonic in D.

(b) If z € OD is reqular, then
lim g(z) = 0.

T—z
zeD

Proof. Let f =1 on dD. First, we prove (a). It holds
gx)=1—-P%(7p < o0)=1—-E*[f(B:,), ™» < 9]

By Theorem 2.11, g is harmonic in D.

Now prove (b). Let z € D be regular. We compute

lim () = 1 — B E* [(B,), 7 < o)
zeD zeD

=1-f(z)=0
using Theorem 2.21. [

As a consequence, if all boundary points are regular, then ¢ is a solution to
the Dirichlet problem with boundary values 0. Using Corollary 2.7, the question
of uniqueness reduces to the question whether ¢ = 0 on D or not. The answer to
this question needs the notion of a recurrent set.

DEFINITION 2.25. A Borel set A C R" is called recurrent, if it holds
P*(Vt>03ds>t: B A) =1

for every x € R”. If A is not recurrent, it is called transient.

EXAMPLE 2.26. Let D := {x € R" : |z| > 1}. For n = 2, D¢ is recurrent. On
the other hand, if n > 3, D¢ is transient (see Example 2.12).

THEOREM 2.27. Suppose every boundary point is reqular. Then g = 0 in D if
and only if D¢ is recurrent.

Proof. Assume D¢ is recurrent. Then P* (1p < o0) = 1 for every z € R, so
g=0in D.

Now assume g = 0 in D implying P* (7p < 00) =1 for x € D — in fact for
z € R”, on 9D by the regularity assumption and on D° by path continuity of
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Brownian motion. To prove recurrence of D¢, fix x € R™ and observe that for D
as a domain (i.e. open and connected), it holds that

P*(Vt>03s>t: B, D) =P (Vt€ Q" Is > t: B, € D")
=P*( () {3s>t: B, € DY)

teQt
again by path continuity. This implies that we need to show
(2.20) P*(3s >t: By € DY) =1
only for a single fixed t € Q. So, fix t € Qt. The Markov property gives

P*(3s>t: B, € D°|F) =PP(3s > 0: B, € D) =1,

={rp<oo}

where we used in the last step that P* (7p < o) =1 for every € R", which was
proved above. Taking expectations on both sides yields (2.20). |

The next theorem is the main result for unbounded domains.

THEOREM 2.28. Suppose all points on 0D are reqular and f is a bounded and
continuous function on OD. Then every bounded solution to the Dirichlet problem
on D with boundary values f has the form

(2.21) h(z) :=E*[f(B;,), ™» < 0] + c¢P* (17p = 00)
for some constant c.

REMARK. (a) Note that ¢ is independent of z.
(b) We can regard ¢ as the boundary value of h at oo.

(¢) The boundedness assumption on the solution A in the theorem above is nec-
essary. If D = R", nonnegativity is enough by Proposition 2.5, but if D # R" it
is not by the following example: Let

D={z=(x1,...,2,) € R" : 2, > 0}

be the upper half space in R” and f = 0 on dD. Then h(z) = x,, is an unbounded,
nonnegative solution to the Dirichlet problem, but is not of the form (2.21).

Proof of Theorem 2.28. First note that every function of the form (2.21) is a
solution to the Dirichlet problem by Theorem 2.11, Theorem 2.21 and Proposi-
tion 2.24.
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Now, assume that h is a bounded solution to the Dirichlet problem. If D = R",
then P* (7p < 00) = 0 and P* (1p = o0) = 1 for every x € R™. So, (2.21) follows
by Proposition 2.10. Hence, we assume that D # R"™. Let us define h = f on 0D,
such that h becomes continuous on D. We now have to find a constant ¢ such that
(2.21) holds.

We will construct an increasing sequence of bounded, "good" domains D,, that
approximate D from the inside and then use some previous results. To describe
the sequence, we will need the notion for the distance of a point x € R" to a set
A C R" once more, which was originally defined by

dist(z, A) :==inf {|z —y| : y € A}

Note that dist(z, A) is continuous in z. Now, for n € N, define

1
D, = {g: € D : |z| < n and dist(z, D) > },
n

which has the following properties:

(a) D, is open (but not necessarily connected):
Take z € D,, and define ¢ := min {n — |z|, dist(z, D) — %} > 0. Now, note
that for every y € B(z, %), it holds y € D,,.

(b) D, is bounded:
Note that D,, C B(0,n).

(c¢) All points on 0D, satisfy the cone condition, and therefore are regular by
Lemma 2.19:
Take x € OD,,. It holds |z| = n or dist(z, D) = L. Since D¢ contains all
y with ¥y > n, the cone condition certainly holds in the first case. In the
second case, note that there exists a y € D¢ such that |x — y| = %, since D°
is closed. Take a z € B(y, 1) (i.e. |z—y| < 2) implying dist(z, D¢) < +
which implies z € D¢. It follows that the open ball {z ER":|z—y| < %}
touches = and is fully contained in D, so the cone condition is satisfied.

Now, it holds that
(2.22) h(z) = E°h(B:, ), € Dy.

We can see this by noting that the left side is harmonic on D,, by assumption and
the right side is harmonic by Theorem 2.11. Both sides have boundary values h —
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the right side by Theorem 2.21. Since D,, is bounded, we can apply Corollary 2.7
to every connected component of it to get (2.22). Note that

(2.23) E°h(B,, )=h(x)=Eh(B,, ), x€ D,

TDn+1
since D,, C D,41. The strong Markov property and (2.23) give
E” |h(B F.

TDp,

} — B, b B, )
= EPon h(BTDn) = h(BTDn)7 z € Dy.

7—D'rH—l )

This means that, for k € N, M;, := (h(Br, ))n>k is a bounded martingale with
respect to P*, if x € Dy. For x € D, choose k € N large enough such that x € Dy,
and use the convergence theorem for discrete time martingales, Theorem A.12, to
see that

Z = Jim bl

exists P®-a.s. and is in L' with respect to P*. Hence, passing to the limit in (2.22)
leads to

h(z) =E*Z =E*[Z,7p < oo + E*[Z,7p = <], x € D.

Let us find out how Z behaves on {rp < oco}. For this, first note that 7p, | 7p.
Indeed, define o := lim, o, 7p,. Since 7p, < 7p for every n € N, it holds that
o < 1p. Now, show that B, € D¢ implying 7p < ¢ which yields ¢ = 7p. It holds,
for £ < m,

B., € D¢ C D5

TDm
It follows by path continuity,
B, = lim B,, € () D;% D,

neN

where we used the closedness of D¢ at (x) for the equality. It follows that
hB,, ) “=% h(B,,) = f(B:,) P"as. on {rp < oo}

for every & € D by the continuity of h on D. This gives
h(z) =E* [f(B;,),™» < o] +E*[Z,7p = 0|, z€D.

To make the proof complete, we have to show that there exists a constant c,
independent of x, such that

Z =c¢ P®-as. on {1p = o0}
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for every x € D. For this, we may assume that D¢ is transient, since P* (1p = 00) = 0
for all x € D if D¢ is recurrent and the result follows immediately in this case.
First of all, we need to prove that

(2.24) L:= tli)m h(By) exists P*-a.s. for every z € D on {1p = oo}.

In doing so, it suffices to show that (h(Br,a¢)),>, is @ bounded martingale, because
(2.24) follows by the convergence theorem for continuous time martingales, Theo-
rem A.13. The boundedness is clear, since h was assumed to be bounded. To check
the martingale property, let h, € C? be a function with compact support C D
such that h,, = h on D,,. Note that h,, is harmonic in D,,, since h was assumed to
be harmonic in D. Take x € D,, and use Proposition 1.14 to see that

t1
ha(By) — / SAR(Bo)ds, 120
0
is a martingale with respect to P*. By the stopping time theorem,

TDn/\t 1
(B ) = [ 5 Bha(By) ds = ho(Bry, ), 120
=0

is also a martingale with respect to P*. Since h,, = h on D,, it follows that
(h(Bzp, at))i>0 is a martingale with respect to P*. So, letting n — oo yields that
(h(Brpat))e>o is a martingale with respect to P* for every = € D.

For completeness, (2.24) holds without restriction to {7p = co}. To see this,
first observe that

(2.25) B, € D eventually P"-a.s. for every x € D.
This is by regarding the set
A = {3(tp)nen with t,, T 00 : By, € D}

Recall that the tail-o-algebra was defined by 7 := ;5o F;, where F;" is the small-
est g-algebra with respect to which the projection w — w(s) = Bs(w) is measurable
for each s > t. Note that A € T is a tail event and by Proposition 1.13, this means
that P* (A) = 0 for all x € R" or P* (A) = 1 for all x € R". Since D¢ was assumed
to be transient, P* (A) < 1 implying P* (A) = 0 for all x € R™, (2.25) follows.
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Now, fix x € D and compute

P*(Vs>t:Bs € D)=E"[P" (Vs >t:Bs € D) | Fi]
=E" [P (Vs> 0: B, € D)
=B [PP (1p = o0)]
< E”* {]P’ (L exists) ]

= E* [P* (L exists | F;)]
= P (L exists),

(2.26)

where we applied the Markov property two times. The left side of (2.26) tends to
1 as t — oo by (2.25) implying that L exists P*-a.s.

By noting that L is a tail variable (i.e. L is T-measurable), Proposition 1.13
implies that there exists a constant ¢, independent of z, such that P* (L = ¢) = 1.
Therefore, Z = L = ¢ on {7p = oo}, which completes the proof. |

2.4 The Poisson equation

Slightly different to the Dirichlet problem is the problem involving the Poisson
equation:

1 .
(2.27) §Ah = —f and gl’ﬁlé% h(xz) =0 for z € OD.

Solutions to (2.27) can be represented by the probabilistic form

(2.28) h(z) = Em/om f(B,)ds, zeD.

The next theorem, providing the main result for the Poisson equation on bounded
domains, makes this statement more rigorous.

THEOREM 2.29. Let D be bounded and all points on 0D be reqular. Furthermore,
let h be a C*-function on R™ and f be a continuous function on R™. Then (2.27)
holds if and only if (2.28) does.

Proof. First, suppose that (2.27) holds. Since h does not need to have compact
support, we take another C?-function h with compact support that agrees with h
on D. Let x € D. We can apply Proposition 1.14 to see that

~ t ~
i(B,) —/O ;Ah(Bs) ds, t>0
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is a martingale with respect to P*. By the stopping time theorem,

~ TpAt 1 .
h(BTDM)—/O SAR(B) s, t20

is also a martingale with respect to P*. Since h = h on D, we can replace h by h
to get that

Tp /At 1

(B, ne) — /0 SAR(B)ds, t20

is also a martingale with respect to P*. Here, we had to pay attention to the case
7p = 0. We only could replace h by h, if By = D, i.e. x € D. Taking this into
account, let t > 0 and use (2.27) to get

Tp /At 1

B [1(Bpn) — [ 5AMBL)ds] = BR(Boon) + B2 [ (B,) ds.

On the other hand, the martingale property yields

E* [h(BTDAt) - /OTDM ;Ah(Bs) ds} — E*h(Bo) = h(x).

It follows
Tp /At
h(z) = E°h(B,, r) + E° /0 £(B,) ds.

Note that 7p is finite P*-a.s., since D is bounded. Furthermore, note that h|5 and
f|p are continuous and bounded, and A = 0 on dD by assumption. Thus, we can
apply the bounded convergence theorem for letting ¢ — oo, which gives (2.28).

Now, assume (2.28). The plan is to split the right side of (2.28) into two sum-
mands using an exit time from a ball, then to rewrite the one summand introducing
f(x) and to expand the other summand into a Taylor series on the ball to bring
the Laplace operator into play. So, take x € D and r > 0 such that B(z,r) C D.
Split (2.28) into two summands and apply the strong Markov property to get

|

E5 560 / v f(BS)ds}
0
_E° / PO £(B,) ds + E°h(B
0

TD

h(z) = Ef/OTB(”’” f(Bs)derIE’”/T £(B,)ds

B(z,r)

_ Eﬂv/m(“’ F(B,)ds + E* [Ex VD £(B)ds
0 TB(z,r)

(2.29) —_—
_ El‘/ F(B,)ds + E*
0

TB(z,r) ) :

=P =P
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We first care about P;, which can, in a first step, be rewritten as
TB(x,r)
P=E | [T F(B) - f@)ds] + f@)E pe,

We want to prove that f(Bs) — f(z) € o(1) for s € {O,TB(W)} letting r | 0, i.e.

F(B)—f(x) =% 0fors e {0, TB(W)] For this, take a decreasing sequence (7,)nen
with r, | 0 as n — oo and let ¢ > 0. Since f is continuous, there exists a § > 0
such that |f(y) — f(z)] < € for each y € R™ with |y — x| < §. Choose N € N,
such that ry < § implying Bs € B(z,ry) C B(x,6) (i.e. |Bs — x| < §) for every
5 € {0, TB(J;,TN)] Since r, is decreasing, it follows

|f(Bs) — f(z)] <e forall se [O,TB(IM)} and all n > N.

This gives
Py = [f(z) + o(1)|E*p(a,).

Now, P,. Expanding P; into a Taylor series on B(z, ) at « up to second order
gives

(& Oh .
Py = h(z) + E* E:ax(x)(B;@ﬂ——xO]
Li=1 7
_ =F
1 & 9%h i 2
+E 2@;1 axlaxj (.’L‘) ( TB(z,r) .Tz) ( iB(z’” — ij) —|—0(7’ )

The term F is zero, since (B});>o is a martingale (i.e. IE”“"BjB<I Yy = E*Bf = ;).
For F, it holds ’

n

1 T - 82]1 i . th . ‘
F= 5 (E lz 0z (SL’) (BTB(I,T) - xl) 2] +E Z 8137,8]3] (55) (BTB@,T) — SL’@) (B‘j"B(z,r) — LU]') )

i,j=1
7]

=F5

Since ((Bi)? — t)i>0 is a martingale by Proposition 1.3 (a), we can rewrite F} as

" 0%h - ; 2 .
Fl = Z axQ ($)E |:<BTB(I,T)> - TB(ZJ') + TB(fE:T) - QBTB(IYT)xi + x12:|
=1 7
0?h
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Also recall that (B!BY);s¢ is a martingale for i # j by Proposition 1.3 (b). Thus,
for Iy it follows

-y

1,7=1
i#]
z”: 0*h
=1 89628%
i#]

i J _ Rt . 7
[BTB(QZ',T') BTB(ac,r) BTB(ac,r) IJ xZBTB(x,r) + l’ix]:|

83320%

(vix; — wxj) — xwy + xxj) = 0.

Summarizing the previous steps gives

1 1
Py = h(w) + 5 F = h(x) + S AM2)E 7500,

which is, by regarding (2.29), implying the following equalities:
1
iAh(x)ExTB(x,r) = — {f(l‘) + 0(1)} EwTB(LT)

— ;Ah(x) — —[f(@) + o(1)]

Since E* 7y, = % > 0 by the remark after Example 2.12, SAh(z) = —f(2)

follows by letting r | 0.

N[

[t remains to show that lims—z h(z) = 0 for each z € dD. So, take z € dD.

Since f is continuous on R™, it is bounded on D. This means, it suffices to show
that

(2.30) lim E*rp = 0.

zeD

In a first step, we compute for t > 0 by using the Cauchy-Schwarz inequality

EITD =F" [TD,TD St]—FEx [TD,TD >t]
(231) 2 1/2 1/2
<tP(rp <t)+E” 73] P (rp > 1)

Note that, since D is bounded, E*7p < 0o, and hence E®7% is uniformly bounded
for x — z, x € D by Proposition 2.30, which is proved afterwards. Indeed, find
r >0 with D C B(0,r) and compute

2
E*B2 + 22 2 4 2\ 2
s )

3-v6 3—-v6




66 2 Brownian Motion and the Dirichlet Problem

By Lemma 2.20, we see that

li&nﬂi’yﬂw (tp <t) >P*(rp <t)=1,
zeD

where we used the regularity of z in the last step. It follows that

lm P*(7p <t) =1and limP* (rp > 1) = 0.
xeD z€D

Thus, taking the limit x — 2z, 2 € D in (2.31) yields to

lim E*mp < t.
r—z
zeD

Since t > 0 was arbitrary, we get (2.30), so the proof is complete. |

PROPOSITION 2.30. Let x € D and 7 be a stopping time with E*T < oo. Then

2
]E:v 2< EmBé—i_l‘Q
T 3—\/6 .

Proof. Recall from Proposition 1.3 (c) that (B} — 6tB? + 3t%);>0 is a martingale
under P*. Let t > 0 and see that by the stopping time theorem

BB}y, — 67 (7 A t)B2y| + 3E” [(r A 1)?] = 2",
Rearranging and applying the Cauchy-Schwarz inequality gives
x x €T x 1/2
BBy +3E” [(r A1) <6 (B [(7 A E"BL,)  +a.
For u := \/E*B2,, and v := \/E* [(T A t)?], this is

u? — 6uv + 3% < z*

implying
(3v —u)? < 2t + 607
=  3v—u<Vrt+602<2®+V6v
u + 22
<~ v <
u+ x? 2
2.32 <= v? < .
23 =
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Since (Brat)e>o is a martingale, we use the Jensen inequality to get
E°B., =B [E"[B, | Ful'] <E°BL
We conclude from this and (2.32) that

E* [(T/\t)ﬂ < (W) )
3—V6

Letting t 1T 0o completes the proof, since E*7r < oc.






Appendix

A.1 Notation

Here are some helpful notations being used throughout the text:

(a) Sets of numbers:

() N={1,2,...}, Ny = {0} UN

(ii) Q@ = rational numbers

(iii) R = real numbers, R =R x --- x R

Tt

(iv) [n] :={1,...,n} forn e N
(b) a Ab:=min{a,b}
(c) For an event A € F, the indicator function of A is denoted by 1 4.
(d) EX denotes the expectation value of a random variable X.
)

(e) a, T a means that the sequence (a,)nen is increasingly, respectively decreas-
ingly, converging to a as n — o0.

(f) A function f is said to be C* if f is k times continuously differentiable on
its domain.

A.2 Analysis

In the following, let D C R™ be bounded and open. 9D is assumed to be sufficiently
regular with surface measure dS and outward normal vector v.

NoTATION. For a (twice) differentiable function w on D and i, j € [n], define

~ Ou _ d%u
Yo = By Yeis = Hridx,
) ? J
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THEOREM A.1 (Gauss-Green Theorem). Let w € C'(D). Then
/ Uy, dx:/ uv'dS, i€ [n).
D oD

THEOREM A.2 (Green’s Formula). Let u € C'(D). Then

/Audx: Vu-vdS.
D oD

Proof. For i € [n] apply Theorem A.1 to u,, to get

/uzz da::/ Uy, V" dS.
D oD

Now sum for i € [n] to get the result. |

THEOREM A.3 (Spherical coordinates). Let u € C(D) be an integrable function.
For allx € D and r > 0 such that B(x,r) C D, it holds

/B(x,r) uly) dy = /0 < /83(%8) u(y) dS) ds.

LEMMA A.4. Letu € C(D) and x € D. Then it holds
[ uly) ganldy) = uz).
OB (z,r)

Proof. Let ¢ > 0. Since u is continuous, there exists an r > 0 such that
ly =zl <r=luly) —ulz)| <e

Thus the following calculation shows the result:

/<93(x,r) u(y) o0 (dy) — u() /8B(m) w(y) o4 (dy) — / () 7o (dy)

OB(z,r)

< w(y) —u(x)| op(d

< [ ) = @) ()

<e

[ |

LEMMA A.5. Let (f,)nen be an increasing sequence of continuous functions on
R™ such that f, =% f pointwise. Then f is lower semicontinuous on R", i.e.

lign_glff(x) > f(2)

for all z € R™.
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Proof. Since (f,)nen is increasing, it holds that
f(x) > f()
for every m € N and every z € R". Fix z € R” and m € N. It follows
lim inf f(z) > liminf fin(2) = fi(2).
Letting m — oo gives
hrxn_};lff(x) > f(z2).
[

A.3 Measure theory

DEFINITION A.6. Let (2, F) be a measurable space.

(a) A set of events P C F is called a w-system, if

A BcP implies ANB ¢ P.

b) A set of events £ C F is said to be a A-system, if
(b)
(i) Qe L,
(i) A,B € L and A C B implies B\A € L,
(iii) (An)nen C £ and A, T A implies A € L.

THEOREM A.7 (m-A-theorem). Let P be a m-system and L be a \-system with

P C L. Theno(P) C L. [4, Theorem A.1.4 (p.402)]

THEOREM A.8 (Monotone class theorem). Let P be a m-system with 2 € P and

let H be a vector space of random variables satisfying the following properties:

(i) A€ P implies 14 € H.

(77) (Xp)nen C H, X bounded and X,, T X implies X € H.

Then H contains all bounded o(P)-measurable random variables.
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Proof. Define
L={AcF:14€H}.

We show that L is a A-system by proving the three defining properties from above:
1. Q€ L, since §2 € P by assumption and (i).
2. Take A, B € L with B C A. It holds
Ipa=1p—-14€H,
since H is a vector space. So, B\A € L.
3. Take (Ap)neny C £ with A, T A. It holds
14= nh_g)lo 14, €H
by (ii). So, A € L.
We apply the m-A-theorem, Theorem A.7, to P and L to get
o(P)cC L
expressing that 14 € H for all A € o(P). Since H is a vector space of random

variables, H also contains all simple o(P)-measurable random variables. Finally,
by (ii) we get that H contains all bounded o (P)-measurable random variables. W

A.4 Probability theory

LEMMA A.9. Let A and B be two events on a probability space (Q, F,P) such
that P (B) = 1. Then it holds

P(A)=P(ANDB).

Proof. Since

we compute

P(A)=P(A\B)+P(ANB)=P(ANB).
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THEOREM A.10 (Uniqueness Theorem for Characteristic Functions). If two ran-

dom vectors have the same characteristic function, then they have the same distri-
bution. [4, Theorem 3.9.4 (p.176))]

PROPOSITION A.11. Let X and Y be two random variables on (2, F,P). Sup-
pose that f is a bounded measurable function on R? and G is a o-algebra. If X is
G-measurable and Y is independent of G, then

E[f(X.Y)|G] = g(X) P-as,

where g(x) :=Ef(z,Y).

Proof. First, since X is G-measurable and g is measurable, g(X) is G-measurable.
It remains to show that

E[f(X,Y), Al = E[g(X), A]

for each A € G. So, take A € G and note that (X, 1,) is independent of Y. Let u
be the distribution of (X, 1,4) and v be the distribution of Y. We get

E[f(0Y),A = [ [ ey -adu(e.a) dv(y)
@/W/Rf(%y) dv(y) dp(z, a)

=g(z)

= E[g(X), 4],

where we used Fubini’s theorem at (x). [

THEOREM A.12 (Convergence theorem for discrete time martingales). If (M,)nen
is a martingale that satisfies sup,cy E|M,| < oo, then lim, o M, exists and is
P-a.s. finite. Furthermore, if the martingale is uniformly integrable, then the
convergence also occurs in L'. [4, Theorem 5.2.8 (p.236)]

THEOREM A.13 (Convergence theorem for continuous time martingales). If
(M) @s a right-continuous martingale that satisfies sup,~qE|M;| < oo, then
limy_,oo M, exists and is P-a.s. finite. Furthermore, if the martingale is uniformly
integrable, then the convergence also occurs in L'. [1, Theorem 1.92 (p.39)]
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